Abstract-Linearly time-varying fading models are used to investigate noncoherent detection of frequency-shift keying (FSK) signals transmitted over frequency-flat fading channels. The structure of the optimal noncoherent FSK detector is derived and a novel analytical technique is proposed to compute the error performance of noncoherent FSK detectors in fast fading. Error performance results obtained by computer simulation are in excellent agreement with the analytical predictions.
I. INTRODUCTION
T HE problem of noncoherent detection of frequency-shift keying (FSK) signals has been widely studied in the technical literature of the fifties and the sixties [1] - [8] . Most of the research efforts have been centered on optimal diversity noncoherent detection for slow time-selective fading channels (see, for instance, [1] - [4] ). The slow fading model holds true when the channel variations over a symbol interval are very limited and, in consequence, have negligible effects on the receiver error performance. Otherwise, the fading is deemed fast. In the presence of fast fading, the error rate curves of conventional matched-filter receivers exhibit a floor as the signal-to-noise ratio (SNR) increases. The effect of the fading spectrum on this floor is discussed in [9] where an analytical technique is proposed to evaluate the error performance of noncoherent receivers in fast fading. The error floor problem is also encountered in other noncoherent FSK receivers, namely differential and discriminator detectors [10] . Their performance in fast fading has been tackled in more recent publications [11] - [13] .
In this paper, the power series fading model proposed by Bello [14] is applied to noncoherent detection of FSK signals in the presence of fast fading. Following this approach a noncoherent receiver structure (called double-filter receiver) is derived which is optimum for linearly time-selective fading channels and performs better than conventional noncoherent detectors [1] in fast fading. Also, a novel technique is proposed for computing the error performance of both the matched filter detector [1] and the double-filter detector in fast fading. The benefit of receiver diversity is investigated.
The paper is organized as follows. Section II describes the mathematical model of the fading process and establishes basic notations for FSK signals. In Section III, we propose a new method for computing the error probability of a conventional FSK noncoherent detector in fast fading. The double-filter detector and its error performance are studied in Section IV. Performance comparisons between the single-filter and doublefilter receivers are made in Section V. Finally, Section VI offers some conclusions.
II. CHANNEL AND SIGNAL MODELS
The complex baseband expression for an -ary FSK signal is given by [10] In these equations, is the information bearing function, is the signal energy, is the symbol period, is the modulation index, is the th data symbol belonging to the -ary alphabet , and is the signal phase in the th signaling interval. This description encompasses the class of continuous phase FSK (CPFSK) signals [10] for which varies according to (2.4) In this paper, only binary FSK signals are considered although the receiver structures described in the following are easily extended to general -ary FSK.
We assume that the receiver is provided with independently fading replicas of the same information bearing signal. Thus, the transmission of signal (2.1) results in the following received waveforms: 
for
, where is the explicit diversity order of the receiver, is the fading distortion affecting the th channel, and is additive white Gaussian noise (AWGN) with two-sided spectral density (independent of ). The following assumptions are made.
• is a zero-mean Gaussian wide-sense stationary (WSS) process whose sample functions are differentiable in mean square sense [15] 
III. SINGLE-FILTER NONCOHERENT FSK DETECTION

A. Receiver Structure
In this subsection, we overview the maximum-likelihood noncoherent detector [1] for slow time-selective fading channels. The receiver structure is shown in Fig. 1 and employs two (complex-valued) matched filters (3.1) where and according to whether equals 0 or 1. Let denote the output sample from on the th diversity branch at . Then the optimal decision strategy [2] is to decide , where is that index for which the maximum of the sum is attained, i.e., (3.2) In the following, the detector following this strategy is referred to as the single-filter receiver because there is one matched filter (in each diversity branch) for each symbol of the alphabet.
B. Error Performance
To compute the error performance of the single-filter detector in fast fading, we adopt a linearly time-selective channel model [14] . This involves approximating the fading distortion by the first two terms of its Taylor expansion. In other words, we set
Without loss of generality, we assume that . Correspondingly, it can be shown that the matched filter outputs take the form is the noise contribution to the output of the filter in the th receiver branch. It turns out that is a zero mean Gaussian random variable with variance such that
The detector error probability is expressed as (3.10) where and is a matrix with elements and . The last term in (3.10) can be computed with the methods indicated in [4] and [16] . For this purpose, we denote by the autocorrelation matrix of (whose coefficients are given in Appendix B) and define (3.11) Next, the characteristic function of is found to be (see [17] and [8, pp. 593-595]) (3.12) where are the eigenvalues of . Finally, the error probability (3.10) is computed as [16] (3.13)
where is the set of all the distinct eigenvalues of the matrices . In (3.13), the following notations have been used: (3.14) (3.15) and is the residue of for . A general formula for the computation of these residues is given in Appendix D.
In the sequel, we concentrate on two particular cases: 1) single-filter receiver and no diversity ; 2) single-filter receiver with double diversity and fading branches with the same statistics . In the first case, the error probability is obtained letting in (D.7). This produces (3.16) where , the eigenvalues of , are computed in Appendix B. It is worth noting that (3.16) coincides with Barrett's formula in [16] . With double diversity, the error probability is computed by letting in (D.7) and reads (3.17) where are the eigenvalues of . The following observations are of interest. 1) In the case of orthogonal FSK signalling over a slow fading channel , (3.16) can be simplified. In fact, setting and in the eigenvalue formulas (B.5) and (B.6) and substituting into (3.16) yields (3.18) which is a well-established result in the communication theory literature (see, for instance, [8, p. 407 
]).
2) The technique proposed in this section to compute is numerically simpler than that illustrated by Bello and Nelin in [9] . In fact, the present method requires only the parameters and , which can be computed from the fading autocorrelation as . On the other hand, Bello and Nelin's technique requires the computation of integrals involving both the autocorrelation function and the transmitted waveforms.
IV. DOUBLE-FILTER FSK DETECTOR
A. Receiver Structure
The single-filter detector of the previous section is suboptimal as it does not exploit the time-varying nature of the channel fading. In the following, we derive the maximum likelihood noncoherent detector for a linearly time-selective fading channel. Assuming that explicit diversity branches are available at the receiver, it is easily shown that the maximum likelihood noncoherent strategy consists of making decision , where
and represents the joint probability density function of the random variables and [see (3. 3)]. In Appendix C, it is shown that (4.1) can also be written in the form (4.3) with . This detector, whose block diagram is shown in Fig. 2 , may be classified as a generalized quadratic combining receiver (see [8, p. 510] ).
The following remarks are in order.
• The novel detection strategy exploits the intrinsic or implicit time diversity provided by time-selective fading through the filters and .
• The separate contributions of these filters in (4.4) are a consequence of the orthogonality of the random variables and .
1
• Under the assumption of a linearly time-selective fading channel the filter outputs and represent the sufficient statistics for the ML noncoherent detector. Since the novel receiver employs two matched filters for each symbol of the alphabet, it will be called a double-filter receiver in the sequel.
B. Error Performance
The error performance of the th-order double-filter receiver in fast fading is now assessed using a power series 1 In general, such a property holds when the carrier frequency (implicit in the complex envelope representation of the signals) coincides with the centroid of the fading Doppler spectrum [14] . This certainly occurs if the Doppler spectrum is symmetrical (i.e., the fading autocorrelation function is even) as is assumed in the paper. model of the fading distortion. In particular, we adopt a quadratically time-selective channel model [14] which is obtained by truncating the Taylor series (2.7) to the third term , and is the noise sample from filter in the th receiver branch. The bit-error probability of the double-filter detector is given by where . Denoting , the autocorrelation matrix of (whose elements are given in Appendix B) and letting (4.18) it can be shown that the characteristic function of is given by [9] (4.19) where are the eigenvalues of . Then, following the method in Section III-B, the bit-error probability can be found by replacing in (3.13) by where are the eigenvalues of (note that ).
V. SIMULATION RESULTS
A. Simulation Model
Extensive simulations have been run to assess the performance of both the single-filter and double-filter receivers. In doing so, a time-selective Rayleigh channel has been adopted. The fading process on each diversity branch is generated by passing two independent real Gaussian processes through two identical third-order Butterworth filters. The 3-dB bandwidth of these filters, , is taken as a measure of the fading rate. The autocorrelation function of the fading process is the same for all the diversity channels and is expressed by (5.1) The coefficients (2.9) involved in the analytical expression of the error probability are given in Appendix A. The error performance results illustrated in the following correspond to Doppler spreads in the range , i.e., in a fast-fading environment. Bit error rate (BER) results are derived as a function of the ratio of the average signal energy per bit to noise power density .
B. Performance Comparisons
A binary CPFSK with modulation index (MSK) has been considered because of its practical interest. BER curves with differential [11] and limiter-discriminatorintegrator [12] detectors have been computed by simulation. In both cases, a fourth-order Butterworth FIR structure has been employed as a receiver front-end filter and its 3-dB bandwidth has been chosen equal to so as to minimize BER for around 30 dB. Fig. 3 indicates that the error performance of these detectors is poor in the presence of fast fading . Poor performance is also obtained with a single-filter detector, as illustrated in Fig. 4 . To the contrary, Fig. 5 shows that a double-filter receiver allows a substantial lowering of the error floor. A further reduction in the error floor could be obtained by designing a ML noncoherent detector for a quadratically time-selective channel. However, as explained in Appendix B, the use of a such a channel model (or of higher order models) does not lead to a closed form solution for the detection strategy.
The performance gap between single-and double-filter receivers increases in the presence of explicit diversity. This is seen by comparing Figs. 6 and 7 which illustrate BER curves for single-and double-filter receivers and double diversity. As is seen, the error floor with single-filtering is clearly visible for 5 10 and 10 whereas it is not with double-filtering.
The substantial improvement in the error floor provided by a double-filter detector is further stressed by Figs. 8 and 9 . These figures show the floor level versus normalized fading bandwidth for single-and double-filter receivers. The continuous lines are obtained by setting to zero the noise level in the analytical formulas of the error probability.
Finally, the dependence of the floor level on the modulation index is illustrated in Fig. 10 for 5 10 10 (only analytical results are shown). As increases, the asymptotic error performance with double-filtering improves much more than with single-filtering.
VI. CONCLUSION
Power series models for fading distortion prove to be very useful in deriving noncoherent detection schemes for FSK signals transmitted over fast frequency-flat fading channels. In fact, we have found that:
• they provide novel analytical tools for accurate estimation of the error performance of noncoherent detectors in fast fading channels; • the optimal noncoherent detector for linearly timeselective fading channels ensures a substantial lowering of the error floor over a conventional (single-filter) noncoherent detector; • the performance gap between single-and double-filter receivers increases with the number of explicit diversity channels and/or the modulation index; • the double-filter receiver exploits the implicit diversity due to Doppler spreading. It should be noted that in static or time-invariant fading, there is no performance gain due to this effect as the coefficient of (3.3) then goes to zero.
APPENDIX A
In this Appendix, we prove formula (2.9) in the text. Using (2.8), we have (A.1) from which the desired result follows by interchanging the expectation and differentiation operations. It is worth noting that:
• Equation (A.1) can also be derived from the correlation properties of the -power series models illustrated by where is a constant independent of . Finally, taking the logarithm of the product in (4.1) and using (C.3) yields (4.4). It is interesting to note that the simple structure of (C.3) is a consequence of both the orthogonality of the random variables and the orthogonality of the functions and . It can be shown that the detection strategy of the ML noncoherent detector cannot be expressed in closed form if higher order terms are included in the truncated Taylor series of the fading distortion. The solution of this problem allows a numerical evaluation of the bit-error performance of both single-filter and double-filter detectors for binary FSK in the presence of diversity branches with the same noise and fading statistics. In these circumstances, represents the set of the eigevalues of the matrix in (3.11) ( for ) for the single-filter detector and of the matrix in (4.18) ( for ) for the double-filter detector. The error probability is found as follows. Suppose that is the characteristic function of some random variable . Then, the probability that be negative is given by [16] (D.7)
